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Abstract

In 2000 it was discovered that using coding theory strategies at the inter-
mediate nodes of a network gives substantial gains in information through-
put. With this discovery the field of network coding was born, which deals
with the efficiency and reliability of transmission of information over net-
works. Not long after, network coding started to attract the interest of the
mathematics’ community, when in 2008 Kotter and Kschischang proposed
rank-metric and subspace codes as a solution to the problem of error ampli-
fication in networks. Ever since, rank-metric and subspace codes have been
a thriving research topic.

The main objects of interest in this abstract are matrix spaces endowed
with the rank distance. More concretely, in the sequel we let m and n be
integers with m > n > 2, we let g be a prime power and we denote by I,
the finite field of g elements. A (linear rank-metric) code is a nonzero
IF4-linear subspace ¢" < Fg™™. Its minimum distance is the integer

d™(€) :== min{rk(M) | M € €, M #0}.

In this extended abstract, we briefly survey some recent results on a spe-
cial class of rank-metric codes, called Ferrers diagram codes. For n € N we
let [n] :=={1,...,n}. An n x m Ferrers diagram .% is a subset of [n] x [m]
with the following properties:

() (1,1) € F and (n,m) € F;

(i) if (i,j) € F and j < m, then (j,j+ 1) € F (right-aligned);
(iii) if (i,j) € .# andi > 1, then (i — 1, j) € .# (top-aligned).
We identify a Ferrers diagram .% with [cy,...,cn), where ¢; = [{(i,7): 1 <
i <n,(i,j) € #}|. A Ferrers diagram .% = [cy,...,cy] can be visualized as
a collection of top-aligned and right-aligned dots where the j-th column has



c;j dots. Just like for matrices, we index the rows from top to bottom and the
columns from left to right (see Figure 1 for an example).

Let F,[.7] be the space of matrices in Fj*™ with support in .%. Then if
¢ <TF,[.7], we say that € is a Ferrers diagram code of shape .7 . Ferrers
diagram codes are used for the so-called multilevel construction, a general
machinery to produce subspace codes proposed by Etzion and Silberstein
in [3]. The multilevel construction produces subspace codes by combining
several rank-metric codes with special properties and more precisely, it re-
lies on the existence of Ferrers diagram codes of minimum distance lower
bounded by a given d. The cardinality of the resulting subspace code in-
creases with the dimension of the underlying Ferrers diagram codes. There-
fore it is very natural to ask how large these linear spaces can be.

In [3] an upper bound for the dimension of a Ferrers diagram code of
shape .# and with a given rank distance d was given. To this day, it is not
clear whether this upper bound, which from now on we denote by k(.%,d),
is sharp for all pairs (%, d) and all g. We refer to codes attaining this bound
as maximal Ferrers diagram codes. Showing the existence of maximal
Ferrers diagram codes is an open problem that has been studied extensively
and several cases have been established [3, 2, 4] by giving constructions of
such codes.

In this talk, we show how to approach this open problem from a more
combinatorial and asymptotic viewpoint. The technique we concentrate on
is based on graph theory and was first developed in [5] in order to show
that MRD codes are sparse as ¢ — +oo. In our approach we look at max-
imal Ferrers diagram codes of shape .# and minimum distance d as those
k(.#,d)-dimensional spaces in F,[.#] which do not contain any nonzero
matrix M € F,[.#] with tk(M) < d — 1. Using this idea, we can then regard
maximal Ferrers diagram codes as the isolated vertices of a bipartite graph
having strong regularity properties. Using ideas from statistics that compare
the mean and average of a discrete, uniform distribution, we get estimates
on the number of these isolated vertices.

As a first application of the bounds on the maximal Ferrers diagram
codes coming from the graph theory machinery we are interested in prob-
ability considerations: Given a pair (% ,d), what is the probability that a
uniformly random Ferrers diagram code in F,[.%] of dimension x(.%#,d)
has minimum distance d as ¢ tends to infinity? In [1] evidence was given
that the answer to this question highly depends on the number of points on
the diagonals of a Ferrers diagram. More precisely, for 1 <r <n+m—1
we define the r-th diagonal as D, = {(i,j): i— j=n—r} C [n] X [m].

Example 0.1. Let .% = [1,3,3,4,6,6]. We have |D;N.%| =ifor1 <i<6,



|D;NF|=2and |D;N.Z|=0for8 <i<II.
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Figure 1: .# = [1,3,3,4,6,6] and the points on the diagonals of .7 .

If x(.%,d) =YY" max{|D;N.%| —d+ 1,0} then we call the pair (.#,d)
is called MDS-constructible. It was shown that if the pair (.%,d) is MDS-
constructible, then maximal Ferrers diagram codes of shape .# and mini-
mum distance d are dense as ¢ — +oo. The other implication was stated
as an open question in [1, Open Problems (a)]. The terminology of MDS-
constructibility comes from the fact that there exists a construction for codes
of shape .# and of minimum distance d and dimension x(.%,d) using MDS
codes. For establishing our result, we prove that the following is an equiva-
lent definition of MDS-constructibility.

Lemma 0.2. The pair (.#,d) is MDS-constructible if and only if
K(F,d) =Y 'max{|D;N.Z|—d +1,0}.

The RHS of Lemma 0.2 turns to be the right quantity to look at when
deciding which Ferrers diagram codes are dense and which are sparse. The
following is a generalization of [1, Corollary VI.13].

Theorem 0.3. Let .% be an n x m Ferrers diagram let 2 < d < n. The fol-
lowing hold:

(i) Ifx(F,d) =Y max{|D;N.Z#|—d+1,0} then maximal .Z-codes
of minimum distance d are dense as g — +oo.
(i) If k(F,d) > X" ' max{|D;N.#| —d + 1,0} +2 then maximal .7 -
codes of minimum distance d are sparse as g — +oo.
Moreover, if k(F,d) = Y " ' max{|D;N.#| —d +1,0} + 1 then maximal
% -codes of minimum distance d are not dense as g — +oo.

Another interesting application of the graph theory tools is to show ex-
istence of maximal Ferrers diagram codes. Theorem 0.3 (i) shows that for
large enough ¢, there exist maximal .%-codes of minimum distance d if
(% ,d) is MDS-constructible. The lower bound we used in order to show



that Ferrers diagram codes are dense as ¢ — oo for when (.%,d) is MDS-
constructible can be used to obtain the existence of certain maximal Ferrers
diagram codes for field sizes that are smaller than those of known construc-
tions.

The last part of this abstract is dedicated to MDS-constructible pairs
(%,d). More precisely, for a fixed integer 2 < d < n, we are interested
in counting the number of n x m Ferrers diagrams .# for which (#,d) is
MDS-constructible. For d = 2 we obtain the following formula.

Theorem 0.4. The number of n x m Ferrers diagrams .% for which (% ,2)
is MDS-constructible is given by

m—n+1/m+n-2
m < n—1 > '

From Theorem 0.4 it follows that for large m and fixed n, almost every
Ferrers diagram has the property of being MDS-constructible with respect
to d = 2. Interestingly, the number of n x n Ferrers diagrams for which the
pair (.%,2) is MDS-constructible, given in Theorem 0.4, corresponds to the
(n— 1)th Catalan number; see e.g [6]. Catalan numbers have applications
in various counting problems, often involving recursively defined objects.
This result establishes a curious link between these numbers and the theory
of rank-metric codes.
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