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Throughout, let

1. R be a ring,

2. LR := (0,+, (·r)r∈R) be the language of (right) R-modules,

3. TR the theory of (right) R-modules and

4. Mod-R be the category of (right) R-modules.

A commutative ring R is

• arithmetical if Rm is a valuation ring for all maximal ideals m.

• Bézout if every finitely generated ideal is principal.

A Prüfer domain is an arithmetical ring which is also an integral domain.

Bézout domains: PIDs, ring of algebraic integers, ring of complex entire
functions.

Prüfer domains: Bézout domains, Dedekind domains, the ring of integer
valued polynomials (with coefficients in Q).
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• Bézout if every finitely generated ideal is principal.
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A Prüfer domain is an arithmetical ring which is also an integral domain.
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Lattices of pp-formulae

A pp-n-formula (over R) is a formula ϕ(x) of the form

∃y
l∧

i=1

n∑
j=1

xj rij +
m∑

k=1

yksik = 0

where rij , sik ∈ R. Write ppn
R for the set of pp-n-formulae over R.

For M ∈ Mod-R, we write ϕ(M) for the solution set of ϕ in M.

After identifying pp-n-formulae which are TR -equivalent, ppn
R is a

bounded modular

lattice under implication.

We write ϕ+ ψ for the join (l.u.b) and ϕ ∧ ψ for the meet (g.l.b) in ppn
R .

For all M ∈ Mod-R,
(ϕ+ ψ)(M) = ϕ(M) + ψ(M) and (ϕ ∧ ψ)(M) = ϕ(M) ∩ ψ(M).

Modular: a ≤ b implies a + (z ∧ b) = (a + z) ∧ b.

Distributive: a + (b ∧ c) = (a + b) ∧ (a + c).
y
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Let ϕ ≥ ψ ∈ pp1
R and n ∈ N.

We write

|ϕ/ψ| > n

for the sentence in LR expressing in all modules M that

|ϕ(M)/ψ(M)| > n.

The Baur-Monk Theorem
Every formula in the language of R-modules is equivalent to a boolean
combination of pp-formulae and sentences

|ϕ/ψ| > n

where n ∈ N and ϕ,ψ are pp-1-formulae such that ϕ ≥ ψ.

y
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Pure-injective Modules

Definition An R-module M is pure-injective if any system of
(inhomogeneous) linear equations over R, in arbitrary many variables,
which is finitely solvable in M, has a solution in M.

Write pinjR for the set of (isomorphism classes of) indecomposable
pure-injective modules.

Theorem For every R-module M, there exists Ni ∈ pinjR such that M
is elementary equivalent to

⊕
i∈I Ni .

Remark If ϕ ∈ ppn
R and Ni ∈ Mod-R then ϕ(⊕iNi ) = ⊕iϕ(Ni ).

Definition An embedding f : A ↪→ B is pure if f (ϕ(A)) = f (A) ∩ ϕ(B)
for all ϕ ∈ pp1

R .

Theorem An R-module M is pure-injective if and only if every
pure-embedding f : M ↪→ N splits.

Theorem Pure-injective hulls exist.
y
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Ziegler Spectra

The Ziegler spectrum, ZgR , of R is the topological space with set of
points pinjR and basis of open sets

(ϕ/ψ) := {N ∈ pinjR | ϕ(N) ) ϕ(N) ∩ ψ(N)}

where ϕ,ψ ∈ pp1
R .

An example
The indecomposable pure-injective modules over Z are

1. the finite modules Z/pnZ for p prime and n ∈ N,

2. the p-adic integers Z(p) and the p-Prüfer group Zp∞ for p prime,

3. Q, the field of fractions of Z.

A subset C of ZgZ is closed if and only if the following conditions hold:

1. If C contains infinitely many finite modules then C contains Q.

2. If C contains infinitely many Z/pnZ for fixed prime p then C
contains Z(p) and Zp∞ .

3. If C contains Z(p) or Zp∞ then C contains Q.
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2. the p-adic integers Z(p) and the p-Prüfer group Zp∞ for p prime,

3. Q, the field of fractions of Z.

A subset C of ZgZ is closed if and only if the following conditions hold:

1. If C contains infinitely many finite modules then C contains Q.

2. If C contains infinitely many Z/pnZ for fixed prime p then C
contains Z(p) and Zp∞ .

3. If C contains Z(p) or Zp∞ then C contains Q.
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Value groups of Prüfer domains

Fact
An integral domain R is a Prüfer domain if and only if every finitely
generated non-zero fractional ideal of R is invertible.

Fractional ideal: a submodule of I ⊆ Q(R) such that there exists
r ∈ R\{0} with r · I ⊆ R.

For R a Prüfer domain, the value group of R, denoted Γ(R), is the
group of non-zero finitely generated fractional ideals of R ordered by
reverse inclusion. This is a lattice ordered abelian group.

We write Γ(R)+∞ for the positive cone of Γ(R) with a greatest element ∞
adjoined.
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Fact
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A transfer theorem for Prüfer domains

Jaffard-Kaplansky-Ohm Theorem
Let Γ be a lattice ordered abelian group. There exists a Bézout domain R
such that Γ(R) is isomorphic to Γ.

Theorem (G.)
Let R,S be Prüfer domains. If Γ(R) ∼= Γ(S) then there exists a lattice
isomorphism λ : pp1

S → pp1
R and a homeomorphism of topological spaces

ρ : ZgR → ZgS such that for all ϕ,ψ ∈ pp1
S , (λϕ/λψ) = ρ−1(ϕ/ψ).

y



A transfer theorem for Prüfer domains
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Dimensions on modular lattices

Let L be a non-empty class of lattices closed under sublattices and
quotients.

Let L be a bounded modular lattice. Let ∼=∼L be the
smallest congruence relation on L such that for all b ≥ a ∈ L, if [a, b] ∈ L
then a ∼ b.
For each ordinal α, we define a congruence relation ∼α and a lattice Lα.

• Let ∼0 be the trivial congruence relation and let L := L0.

• Let Lα+1 := Lα/ ∼ and ∼α+1 be the congruence kernel of the
quotient map from L to Lα+1.

• For λ a limit ordinal, let ∼λ:=
⋃
α<λ ∼α and Lλ := L/ ∼λ.

We define the L-dimension of L, written L- dim L, to be α− 1 where α
is the least ordinal such that Lα is the trivial lattice and ∞ is no such α
exists.

Let 2 denote the class of lattices of size ≤ 2 and let Ch denote the class
of total orders. The dimension we get by setting L = 2 is called
m-dimension and the dimension we get by setting L = Ch is called
breadth.
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Superdecomposables and breadth

A non-zero module is called superdecomposable if it has no
indecomposable direct summands.

Theorem
All pure-injective modules are of the form H(⊕i∈INi )⊕M where M is a
superdecomposable pure-injective module and each Ni is an
indecomposable pure-injective module.

Theorem (Ziegler (Prest))
If pp1

R has breadth then there are no superdecomposable pure-injective
R-modules. The converse holds if R is countable.

For R uncountable, we know that if pp1
R does not have breadth then

there exists a superdecomposable pure-injective R-module when

• R is von Neumann regular [Trlifaj], or

• R is a valuation ring or more generally a serial ring [Puninski], or

• R is a Prüfer domain [G.].
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Breadth for Prüfer domains

Theorem (G.)
Let R be a Bézout domain which is not a field. Let S be the
multiplicatively closed subset generated by the irreducible elements of R.
The surjective lattice homomorphism

π : pp1
R → pp1

RS

has congruence kernel ∼Ch.

Theorem (L’Innocente-Point-Puninski-Toffalori)
Let E be the ring of entire functions and S the subset of non-zero
polynomials. The lattice of pp-formulae of ES has no proper totally
ordered intervals.

Corollary (Puninski-Toffalori, G.)
Let R be a Prüfer domain. The breadth of pp1

R is equal to the
m-dimension of Γ(R)+∞.

Proof?
y
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Cantor-Bendixson rank and m-dimension

Theorem (Ziegler)
If pp1

R has m-dimension then the Cantor-Bendixson rank of ZgR is equal
to the m-dimension of pp1

R . Moreover, if R is countable then the
converse holds.

Proposition (Puninski)
If R is arithmetical then the m-dimension of pp1

R is equal to the
Cantor-Bendixson rank of ZgR .
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Theorem (G.)
Let R be a Prüfer domain. The following are equivalent.

1. The extended positive cone Γ(R)+∞ has m-dimension.

2. The lattice pp1
R has breadth.

3. There does not exist a superdecomposable pure-injective R-module.

4. The lattice pp1
R has m-dimension (equivalently ZgR has

Cantor-Bendixson rank).

Moreover, if α := mdim Γ(R)+∞ then the breadth of pp1
R is α and

α ≤ mdim pp1
R ≤ α · 2.
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Thank you.



Idea of the proof of the corollary

1. Using the Transfer Theorem, we may assume that R is a Bézout
domain.

2. Theorem: If R is not a field then

pp1
R/ ∼Ch∼= pp1

RS
.

3. Inductive step: Γ(RS)+∞
∼= Γ(R)+∞/ ∼2 (when R is not a field).

• The map

C ⊆ Γ(R) 7→ {a ∈ R | aR ∈ C} ⊆ R

gives a bijection between the convex `-subgroups of Γ(R) and the
saturated multiplicatively closed subsets of R. The inverse is given by

T 7→ ker(aR ∈ Γ(R) 7→ aRT ∈ Γ(RT )).

• Let C2 be the group generated by the elements a ∈ Γ+ such that
|[0, a]| ≤ 2. This is a convex `-subgroup of Γ(R). If Γ is non-trivial
then (Γ/C2)+∞ ∼= Γ+

∞/ ∼2.
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